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This paper discusses a mathematical model for the geometric descrip- 
tion of the conformations of molecules in terms of internal rotation 
angles, valence angles, and bond lengths by means of elementary qua- 
ternion aIgebra and screw calculus. 

The need  for a m a t h e m a t i c a l  modeI to d e s c r i b e  the 
confo rma t ion  of mo lecu l e s  in t e r m s  of va lence  angles ,  
bond lengths ,  and i n t e r n a l  ro ta t ion  angles  a r i s e s  in  
connec t ion  with inves t iga t ions  of many  complex  m o l e -  
cules ,  p a r t i c u l a r l y  b i o p o l y m e r s  [1 -6 ] .  E y r i n g ' s  m a -  
t r ix  model  [7] is  u sua l l y  used  for  this  purpose .  It has 
advantage of r e l a t i v e  s impl i c i ty ,  but  the desc r ip t i on  
of con fo rma t ions  with i t s  a id compl i ca t e s  the m e e h a n -  
ica l  i n t e r p r e t a t i o n  of many  p r o b l e m s ,  p a r t i c u l a r l y  the 
a s s i g n m e n t  of i n t e r a c t i o n  be tween  indiv idual  a toms and 
the funct ional  g roups  of the mo lecu l e .  

The model  d i s c u s s e d  below has c e r t a i n  advantages ,  
p a r t i c u l a r l y  in the l a s t  se.nse, over  E y r i n g ' s  model .  
The "k inema t i c  v i sua l i za t ion"  of the desc r ip t i on  of 
m o l e c u l a r  eon fo rma t ions  with the aid of the new model  
is a lso an i m p o r t a n t  f ea tu re .  

The model  to which we r e f e r  i s  des igned for  e e r -  
la in  k i n e m a t i c s  p r o b l e m s  and uses  the e l emen t s  of 
screw ca lcu lus  [8] and qua te rn ion  a lgeb ra  [9]. We r e -  
cal l  that  a qua te rn ion  of the fo rm 

Q = cos qo + asin q0 (1) 

is  the ope ra to r  of ro ta t ion  a round the vec tor  a .  If i n -  
s tead  of the r ea l  angle  ~0 we in t roduce  the dual angle  

= q0 + coq)0 ( h e r e  co is  the "Cl i f ford  symbo l " ;  co 2 = 0), 
the qua te rn ion  (1) wil l  be the ope ra to r  of sc rew t r a n s -  
fer  with axis  a and p a r a m e t e r  qo~ We wil l  ca l l  
such a qua te rn ion  a dual qua te rn ion  and denote  it  by a 

t i lde.  
Let a sy s t em of r e c t a n g u l a r  coord ina tes  be a s s o -  

c iated with the atom X[ of some  molecu le  in such a 
way that i ts  o r ig in  co inc ides  with the cen te r  of this  
atom and the uni t  vec to r s  j- and k a r e  d i r ec t ed  r e s p e c -  

t ively  along the bond X 1 - X l+  ~ and p e r p e n d i c u l a r  to 
the bonds X t - Xl+t  and XI - X  t_t ,  as shown in  the 
f igure .  We denote the va lence  angles  at X i by qo i, the 
angles  of i n t e rna l  ro ta t ion  a round the bonds X i - Xi+ ~ 
by ~i ' and the lengths  of these  bonds by ~i ~ The uni t  
vec to r s  d i r ec t ed  along these  bonds we denote by s i ,  
while ~i denotes  the uni t  vec to r s  pas s ing  through the 
cen te r  of X i in the d i r ec t i on  s i - l x  si" Obviously,  j = 
=-sl and ~ = r l '  Then,  

r~+, : : (cos% st sin ' O  T~ = 

:/Tcos W, + [sin ~I:, = (~lrt. 

Here ,  ~g,-- qol ~-~o,~. 

In i ts  t u rn  

st+ 1 = (cos qDl+t 4- r,+l sin%+,) s t = 

= / c o s  ~Pl+~ --- 7cos ~t sin %.~ -r 

+ k s i n  W l sin %. ,  = Q, sT, 

whence,  

Q+e = (cos W/+l +st+l  sin Wl+t) 7+1 = 

= i  (sin Wt cos *trt,1 - -  cos *F t sin ~+1 cos %+,) + 

q- ls in  Tz+l sin q)l+1 -kk (cos ~l cos ~P'l+t - -  

--  sin W~ sin gt+, cos %+,) = (~+t Q~ 7i, 

and so on. 
If t he  chain is c losed  we have the r e l a t i onsh ips  

f l ( ~ , = l ;  f l  Q,=: I, 
i = l  i=1 

cal led the c l o su r e  equat ions  [10]. They can obviously 
a lso  be put in the fo rm 

k k 

H r = 12I r r I 0 r =  f I  0, (2) 
/ : 1  i - : k  : I ] =  1 i = k  I 

Here  Q* is  the qua te rn ion  conjugate  to Q: Q* = cos ~o - 
- a s in  ~0. The c lo su re  equation in such fo rm can be 
used  to d e t e r m i n e  some of the unknown p a r a m e t e r s  
(the i n t e r n a l  ro ta t ion  angles ,  for  ins tance)  if the r e s t  
a r e  ass igned  in such a way that  the total  n u m b e r  of 
deg rees  of f reedom does not exceed 6 (the so - ca l l ed  
G r o b l e r  c r i t e r ion ) .  F o r  this  we have to obtain ex-  
p r e s s i o n s  for  all  s i ,  fo r  ins tance ,  and subs t i tu te  them 
in (2). Then,  equat ing the s c a l a r  pa r t s  and the coef-  
f ic ien ts  of j, i, k on the left and r ight ,  we obtain four  
dual equat ions ,  which b r e a k  up into eight r e a l  ones .  
The i r  solut ion,  however ,  usua l ly  p r e s e n t s  g rea t  dif-  
f i cu l t ies  and, hence,  in the c a s e  of such p r o b l e m s  it 
is  be t t e r  to r e s o r t  to approx imate  methods .  

If approx imate  va lues  of v) i and ~o i a r e  subs t i tu ted  
in (2), the equal i ty  is  des t royed ,  and the d i s c r epancy  

k 

]= [  i ~ k - i - I  

will  a l so  be a dual qua te rn ion .  
The e x p r e s s i o n  

Ok= 1§ -"k Ot 
i==j+l 

is a ~ua te rn ion  combin ing  the vec to r s  s ~  and s k? 
obtained by the act ion of the r igh t  and left pa r t s  of (2), 

r e spec t ive ly ,  on -sl" 
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If the s c a l a r  p a r t  of O k i s  e~ual  to un i ty  t h e r e  i s  no 
d i s c r e p a n c y .  Hence ,  by m i n i m i z i n g ,  fo r  i n s t ance ,  the 
funct ion 

Pk = (1 - -0 )  2 + (0~ "2, (3) 

we can ob ta in  v a l u e s  of the  p a r a m e t e r s  which i n t e r e s t  
U S .  

,%, 
Fig .  1. Schema t i c  d e s c r i p t i o n  of c o n f o r m a t i o n  
of m o l e c u l e  in t e r m s  of v a l e n c e  ang les ,  bond 

leng ths ,  and i n t e r n a l  r o t a t i o n  ang les .  

I t  i s  i m p o r t a n t  to note h e r e  tha t  the  e x t r e m e  func-  
t ion need  not n e c e s s a r i l y  have  the  f o r m  (3); in  p a r t i c -  
u l a r ,  i t  m a y  be the  s t r a i n  ene rgy  of s o m e  e l e m e n t  (or  
e l emen t s )  of the  chain ,  e x p r e s s e d  in t e r m s  of known 
po ten t i a l s  w r i t t e n  in dual  c o o r d i n a t e s .  

To m i n i m i z e  Pk we can use ,  fo r  i n s t ance ,  the  
me thod  of f a s t e s t  d e s c e n t :  by s u c c e s s i v e l y  a l t e r i n g  
the v a r i a b l e s  by s m a l l  amoun t s  A~i we obta in  i n c r e -  
m e n t s  A P k and f r o m  them,  a p p r o x i m a t e  v a l u e s  of 

0P k h P~ 
the p a r t i a l  d e r i v a t i v e s :  - - ~  . C o r r e c t i o n s  fo r  

each ~i a r e  found f rom the f o r m u l a  

J 

Function Pk, generally speaking, can have several 
minima and, hence, success largely depends on the 
choice of the initial values of r In many cases of 
interest, however, the choice of approximate values 
can be made with sufficient accuracy. 

Many complex structures, particularly the second- 
ary and t e r t i a r y  s t r u c t u r e  of p r o t e i n s ,  can be  r e g a r d e d  
as  a combina t ion  of a r t i c u l a t e d  spa t i a l  cha ins  of the  
d e s c r i b e d  type .  The  cond i t ions  for  t h e i r  c l o s u r e  a r e  
f o r m u l a t e d  in a s i m i l a r  way, a n d i f  Pk is  add i t ive ,  EPk 
i s  m i n i m i z e d .  C a l c u l a t i o n  of the d e r i v a t i v e s  in th is  
c a s e  i s  only s l igh t ly  c o m p l i c a t e d ,  s i n c e  each  r i s  
con ta ined  in two, r a r e l y  m o r e ,  cha in s .  

In conc lus ion  we m u s t  men t ion  the p o s s i b i l i t y  of 
s t r e s s  a n a l y s i s  in c o m p l e x  s t r u c t u r e s  in t e r m s  of 
s c r ew c a l c u l u s .  Each  bond (or o the r  r i g i d  e l e m e n t  
which can be r e g a r d e d  as  a link) i s  ac ted  on by 2 - 4  
s c r e w  f o r c e s .  The sum of t h e s e  s c r e w  f o r c e s  t o g e t h e r  
with the  sum of the  m o m e n t s  of t h e i r  ma in  p a r t s  r e l -  
a t ive  to  any point  of app l i ca t i on  of a mus t  be z e r o :  

P,+ X.o(D =o. 
i i 

If we can  obtain e x p r e s s i o n s  for  the s c r e w  f o r c e s  
which p r o d u c e  a c e r t a i n  d e f o r m a t i o n  we can,  knowing 
the s p a t i a l  s t r u c t u r e  of the m o l e c u l e ,  obta in  an idea  
of the  s t r e s s e s  on i t s  ind iv idua l  bonds .  E s t i m a t e s  of 
th is  k ind  m a y  be  of i n t e r e s t ,  if not f r o m  the  c o m p u t a -  
t iona l  a spec t ,  then at l e a s t  as  a me thod  of d e m o n s t r a t -  
ing the  " s t a t i c s "  of the  m o l e c u l e .  

I t  i s  f r o m  the  v iewpoint  of v a r i o u s  s t a t i c  m o d e l s  
tha t  the  a b o v e - d e s c r i b e d  mode l  i s  of g r e a t e s t  i n t e r e s t ;  
in p a r t i c u l a r ,  we  can expec t  that  m o d e l s  of such kind 
m a y  be  usefu l  in connec t ion  with the  examina t ion  of 
the p r o p e r t i e s  of s o m e  p o l y m e r s .  I t  i s  known, for  in-  
s t ance ,  tha t  the me l t i ng  point ,  e l a s t i c i t y ,  so lub i l i ty ,  
and o the r  p r o p e r t i e s  of p o l y a m i d e s  a r e  d e t e r m i n e d  by 
the mutua l  a r r a n g e m e n t  and o r i en t a t i on  of the  i n t e r -  
ac t ing  funct ional  g roups  [11]. A s ign i f i can t  f a c t o r  in 
th is  c a s e  is  not only the  d e g r e e  of s a t u r a t i o n  of the  
hydrogen  bonds ,  but  the  fac t  that  in s e v e r a l  c a s e s ,  ow- 
ing to the  un favorab le  s p a t i a l  d i spos i t i on  of the  amide  
g roups ,  s o m e  of the  hyd rogen  bonds  f o r m e d  by them 
a r e  d e f o r m e d .  Th i s  d e f o r m a t i o n  can be eva lua ted  by 
c o m p a r i n g  the  m o l e c u l a r  and c r y s t a l l o g r a p h i c  p a r a m -  
e t e r s  by m e a n s  of the  d e s c r i b e d  m o d e l .  

Of c o u r s e ,  the r e s u l t s  ob ta ined  with th is  mode l ,  
l ike  the  r e s u l t s  obta ined  by m e a n s  of E y r i n g '  s mode l  
[1 -6 ] ,  can  be r e g a r d e d  only as  e x p l o r a t o r y .  Since in-  
f o r m a t i o n  of such kind i s  una t t a inab le ,  or  a l m o s t  un-  
a t t a inab le  by e x p e r i m e n t ,  t h e o r e t i c a l  me thods  l ike  
the one d e s c r i b e d  a r e  now being adopted .  
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